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Abstract

Heat transfer to gas turbine blades occurs at high Reynolds numbers, therefore in thin boundary layers. This makes

the measurement of local heat transfer coe�cients or Nusselt numbers di�cult and suggests to measure mass transfer

coe�cients or Sherwood numbers instead. These are then transformed to Nusselt numbers by the heat/mass transfer

analogy.

The present paper extends this analogy to processes in which the Schmidt number for mass transfer is not equal to

the Prandtl number for heat transfer, by use of general ¯uid mechanics and transfer relations for boundary layers and

explores what equations for the analogy can be derived in this way. The results are compared with computational and

experimental information. Ó 2001 Elsevier Science Ltd. All rights reserved.

1. Introduction

The heat/mass transfer analogy was developed by

Schmidt [1] and Nusselt [2] (see also [3]) based on the

conservation equations for momentum, heat and mass

transfer of a constant property ¯uid for the purpose to

transfer information from a heat transfer process to a

physically and geometrically similar mass transfer pro-

cess, and vice versa. For situations considered in the

present paper, similarity is required for the following

boundary conditions:

heat transfer: Re; Pr; Tw or qw� const, model shape;

mass transfer: Re; Sc; cw or mw� const, model

shape.

It is useful to distinguish in the description of a model

(blade pro®le) between its size and its shape. The size is

characterized by a selected prescribed length (for in-

stance, the chord length, C, of the blade) and appears in

the Reynolds number, Re, of the list of parameters given

above. The shape is described by all necessary dimen-

sionless lengths (for instance, x=C). The Nusselt number,

Nu, as a dimensionless expression of the heat transfer

coe�cient and the Sherwood number, Sh, for the mass

transfer coe�cient, are then functions of those param-

eters.

They are also the dimensionless temperature or mass

concentration gradients at the model surface.

Nu � o�T=DT �w
o�n=C�w

; Sh � o�c=Dc�w
o�n=C�w

: �1�

The two processes are, according to Schmidt and Nus-

selt, analogous for the two ¯uids when Pr � Sc and, as a

consequence,

Nu � Sh when Pr � Sc: �2�

This equation expresses the heat/mass transfer analogy.

A di�culty arises when the Prandtl number charac-

terizing the heat transfer ¯uid is di�erent from the

Schmidt number characterizing the mass transfer ¯uid.

This means that the condition in Eq. (2) is not ful®lled

and the equation has to be changed to

Nu � F � Sh when Pr 6� Sc: �3�

Similarity theory tells us only that the analogy factor, F,

will be a function of the boundary conditions mentioned
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above. Its usefulness depends on whether simple rela-

tions can be found for it.

There are three relations that are useful for an ex-

tended analogy, which are valid even when Pr is di�erent

from Sc. They can be deduced from the Navier±Stokes,

the heat transfer and the mass transfer equations and

will be listed here but discussed in detail in the following

sections of the paper.

(a) The Navier±Stokes equations with their boundary

conditions can be solved for a constant property ¯uid

without information on heat and mass transfer pro-

cesses. The ¯ow ®eld in dimensionless form is indepen-

dent of Pr or Sc of the ¯uid and depends only on the

Reynolds number and the model shape. The velocity

®eld in¯uences the temperature or concentration ®eld

without itself being in¯uenced.

(b) For a speci®ed ¯ow process, the functional rela-

tion between the temperature ®eld and the concentration

®eld in the di�erential equations describing a heat or

mass transfer process is such that the equation for a heat

transfer process can be converted into an equation for a

mass transfer process by replacing the Prandtl number

in the equation by the Schmidt number and the Nusselt

number by the Sherwood number [4, p. 731]. This can be

indicated by the operator

�4�

The conversion works also from mass transfer to heat

transfer. As an example, laminar heat transfer for

steady, two-dimensional, boundary-layer ¯ow over a ¯at

plate with constant wall temperature can well be ap-

proximated by the equation

Nux � 0:332
�������
Rex

p �����
Pr3
p

for Pr > 0:6 �5�
(see [4, p. 313]). Eq. (4) results in

Shx � 0:332
�������
Rex

p �����
Sc3
p

for Sc > 0:6 �6�

and the analogy factor, F, for a prescribed Reynolds

number is

F � Nu
Sh
�

�����
Pr
Sc

3

r
: �7�

(c) Gas turbine blades operate at high Reynolds

numbers, Rec. Their boundary layers transport, there-

fore, information with high approximation in down-

stream direction only and Nusselt numbers are functions

of Rex and Pr when Pr is of order one. The chord length,

C, can be introduced as a dummy variable.

Nux � f �Rex � Pr� � f
Usx
m
; Pr

� �
� f

UsC
m
� x
C
; Pr

� �
� f Rec � x

C
; Pr

� �
: �8�

Nomenclature

C chord length

c concentration

cp speci®c heat

D mass di�usion coe�cient

F local analogy factor, F � Nu=Sh
�F spatially averaged analogy factor

h heat transfer coe�cient, h � q=DT
hM mass transfer coe�cient

k thermal conductivity

Nu Nusselt number, Nu � h � C=k
m mass ¯ux

n normal to surface

Pr Prandtl number, Pr � m=a
P pitch

p pressure

q heat ¯ux

Rec Reynolds number, Rec � Ue � C=m
Rex Reynolds number, Rex � Us � x=m
Sc Schmidt number, Sc � m=D
Sh Sherwood number, Sh � hM � C=D
St Stanton number, St � h=qcpUs

StM mass transfer Stanton number, StM � hM=
qcpUs

Tw blade surface temperature

TI turbulent intensity

DT characteristic temperature di�erence

U velocity

Us local velocity outside the boundary layer

Ue exit velocity

u, v velocity components �u; �v
�u; �v time-averaged velocity components

x; y; z coordinates

Greek symbols

a thermal di�usivity

a upstream angle

d boundary layer thickness

d1 displacement thickness

eM turbulent di�usivity of momentum

l dynamic viscosity

m kinematic viscosity

q density

Subscripts

e exit condition

in inlet condition

M mass transfer

ref reference value

tr transition

w condition at blade surface
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The Sherwood numbers can be written according to (b).

Shx � f Rec � x
C
; Sc

� �
�9�

According to Eq. (7), the analogy factor for a lami-

nar boundary layer ¯ow on an isothermal surface at

Us� const is independent of x=C, and it will be shown in

Section 2 that this holds for other laminar boundary

layers with varying velocities as well. According to the

Eq. (A.8) in the Appendix A, it is expected to apply with

good approximation to turbulent boundary layers also.

The following relation is, therefore, expected to hold

generally for boundary layers at high Reynolds num-

bers, Rec, when Pr and Sc are both of order one, a

condition which is well established by gases (see [4,

pp. 780, 782]).

Nu
Sh
� f

Pr
Sc

� �
;

Nu � Nu

Sh

� �
Sh �independent of x=C�: �10�

The equation states that local Nusselt numbers are

proportional to local Sherwood numbers with Nu=Sh
acting as proportionality factor. It should be straight-

forward to generalize relation (c) to three-dimensional

problems.

In the following sections, the heat/mass transfer

analogy will be studied in detail for laminar boundary

layers by analysis and for turbulent boundary layers

with recourse to experimental results as they exist on gas

turbine pro®les.

In the ®rst section, analogy factors for two turbine

blade pro®les will be calculated for two-dimensional

boundary layers as they exist on the central part of

turbine blades where the ¯ow and heat transfer are two-

dimensional.

Experiments in which naphthalene vapor is trans-

ferred from solid naphthalene result in Sherwood num-

bers, and, by use of the heat/mass transfer analogy, they

are converted into Nusselt numbers. The Prandtl num-

ber, Pr, for air at room temperature (300 K) is 0.707,

and the Schmidt number of naphthalene vapor in mix-

ture with air is 2.28. These values will be used for the

numerical calculations.

2. Laminar boundary layers

The heat/mass transfer analogy is derived from the

Navier±Stokes and the heat and mass transfer equations

for a constant-property ¯uid. It will be used here for a

steady, two-dimensional, laminar boundary layer,

characteristic of the central part of the span of a turbine

blade, using a coordinate system with x measured in the

¯ow direction from the stagnation line on the leading

edge continuing along the airfoil suction surface. The y-

coordinate is normal to it and away from the surface.

When incompressible and of moderate speed, the

¯ow in the boundary layer is described by

ou
ox
� ov

oy
� 0; �11�

q u
ou
ox

�
� v

ou
oy

�
� ÿ op

ox
� l

o2u
oy2

; �12�

op
oy
� 0: �13�

The boundary conditions are

At y � 0; u � 0; v � 0: �14�
Di�usion of naphthalene creates ¯ow away from the

solid surface, but it is shown, by Goldstein and Cho [10±

12], that the in¯uence of this is very small and that v � 0

at y � 0 is a good approximation for the naphthalene

experiments.

As y !1; u � Us�x�: �15�
The velocity Us is a function of the pressure pro®le

shape which, in turn, depends also on the pitch, P, of the

airfoil cascade and the upstream ¯ow conditions. The

velocity, Us, is usually calculated from the measured

pressures around the blade surfaces.

The above equations with their boundary conditions

can be solved for the velocity components, u and v. The

pressure, p, is obtained from the Bernoulli equation.

p � q
U 2

s

2
� const: �16�

The parameter characterizing the shape of the tur-

bine blade pro®les in the boundary layer equations is the

dimensionless velocity, Us/Ue, as a function of the di-

mensionless distance, x=C, measured along the blade

suction surface from the stagnation line. Such velocity

pro®les are available in the literature for two blade

pro®les. They will be used as characteristics for turbine

blades. These shapes and ¯ow characteristic are also

reported in [5,6] for the pro®le denoted as S1 (1970s

technology) and in [7] for the pro®le S2 (modern tech-

nology). Fig. 1 shows, for both blades, the dimensionless

velocity, Us/Ue, over the dimensionless distance, x=C,

measured along the blade suction surface from the

stagnation line. It can be observed that S1 has a very

steep velocity increase close to the stagnation line and an

almost constant velocity afterwards whereas the velocity

increase of S2 extends over a considerable part of the

blade chord length, C.

Eqs. (11)±(16) together with the velocity pro®les are

su�cient for the solution of the velocity ®eld �u; v� when

the ¯uid properties, q and l, are constant.
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Heat transfer in a laminar boundary layer is de-

scribed by the equation

u
oT
ox
� v

oT
oy
� a

o2T
oy2

; �17�

and mass transfer by

u
oc
ox
� v

oc
oy
� D

o2c
oy2

�18�

with the boundary conditions

Tw or qw � const; �19�

cw or mw � const: �20�

Actually, the heat transfer equation resulting in the

Nusselt number, Nu, is su�cient because the Sherwood

number can be obtained by Eq. (4).

The boundary condition Tw� const is best suited for

turbine blade analyses because the variation of the blade

surface temperature, Tw, is generally small compared to

the driving di�erence of the gas temperature in the

mainstream and the mean temperature of the blade wall

surface. Tw� const is also equivalent to the boundary

condition cw� const prevailing in the naphthalene ex-

periment. On the other hand, the boundary condition

qw� const is produced in a liquid crystal experiment

which is frequently used to determine gas turbine heat

transfer. It is, therefore, included in the following anal-

ysis.

The system of boundary layer equations with their

geometric and boundary conditions was solved, using

the TEXSTAN code [8], a parabolic boundary layer

equation solver. The velocity pro®le for two-dimen-

sional stagnation ¯ow (m � 1:0 in Fig. 8 in Appendix A)

served as boundary condition at x=C � 0:00 to start the

velocity pro®le, u, for the S1 and S2 blade pro®les.

Calculation was continued in the x-direction until a

velocity pro®le with du/dy� 0 at y � 0 resulted, which

indicated the start of ¯ow separation. Calculations for a

plane wall started with the Blasius pro®le at the leading

edge.

Table 1 identi®es the cases for which Nusselt num-

bers were calculated. Those numbered from 1 to 3 are

for the blade pro®le S1. Computations were also made

for a plane surface with Us� const. They have the

numbers 4±6. The boundary conditions for each case are

arranged in a vertical column (Pr or Sc, Tw or

qw� const). The same table can also serve for the blade

pro®le S2 when S1 is replaced by S2 as the blade pro®le.

Analogy factors, Nu=Sh, can now be obtained for any

combination of case numbers and are denoted by the

ratio of two numbers with the ®rst one assigned to the

case with Pr � 0:707.

The temperature dependence of the Prandtl and

Schmidt numbers is very weak. Both change, near room

temperature, only by 0.5% for a 10°C temperature dif-

ference. Eq. (7) can, therefore, be simpli®ed for a lami-

nar boundary layer over a ¯at plate with constant

velocity, Us, to

F � Nu
Sh
� 0:677 �21�

to convert experiments with naphthalene (Sc � 2:28) to

air near room temperature. The conversion of Nu of air

from room temperature to combustion gases at tem-

peratures occurring in gas turbines is a special consid-

eration. It has been discussed by Eckert [9].

Analytical solutions exist for laminar boundary lay-

ers in ``wedge-type ¯ow''. The analogy factor for those is

reported in the Appendix A.

A few combinations of special interest will now be

discussed.

(1) The thermal boundary condition, cw� const, is

prescribed for the naphthalene mass-transfer and

Tw� const for the air heat transfer. All other boundary

conditions are assumed identical. Figs. 2±4 present

Nu=Sh factors for the combination of a heat transfer

process in air (Pr � 0:707) and a mass transfer process

using naphthalene (Sc � 2:28) as a function of the

Table 1

Case numbers for which Nu/Sh curves are shown in Figs. 2±4

Case 1 2 3 4 5 6

Pro®le S1 S1 S1 Us � const ``plane wall''

Sc or Pr 2.28 0.707 0.707 2.28 0.707 0.707

BC Tw Tw qw Tw Tw qw

Fig. 1. Suction-surface velocity pro®le of S1 and S2 blades (S1

corresponds to a 1970s technology, and S2 corresponds to a

modern technology).
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dimensionless distance, x=C, along the pro®le suction

surface. This combination is denoted as cases 5 and 4 in

Table 1, or 5/4 in Fig. 2, when both processes are in ¯ow

over a plane surface (with Us� const). In the Figs. 2±4,

the analogy factor appears as a horizontal line at

Nu=Sh � 0:677, the value already listed as Eq. (21). It will

serve at a reference value, Fref . In the same way, analogy

factors for other boundary conditions identi®ed in

Table 1 can be evaluated, and their Nu=Sh ratio can be

entered in Figs. 2±4. The case number identi®cations for

the pro®les, S1 and S2, are cases 2 and 1, or 2/1, and the

corresponding Nu=Sh ratio has been entered in Figs. 2

and 3. It is astonishing and gratifying that, in both cases,

the Nu=Sh ratio agrees with excellent approximation with

Nu=Sh � 0:677. The accuracy of the results of naphtha-

lene experiments is listed in the literature as 5%. This

accuracy is also obtainable for the Nusselt number and

the heat transfer coe�cients in turbine blade pro®les.

(2) Many heat transfer experiments were performed

to determine Nusselt numbers using the liquid crystal

method which produces the thermal boundary condition

of a constant heat ¯ux at the wall surface (qw� const).

The results have been paired with those obtained by the

naphthalene method producing a constant wall con-

centration boundary condition for turbulent boundary

layers with the justi®cation that turbulent ¯ow mini-

mizes the e�ect of the thermal boundary condition, ac-

cording to experience. The Nu=Sh ratio can now be

calculated for laminar boundary layers. The case num-

ber identi®cations for these boundary conditions are

found in Table 1 to be cases 3/1 for both pro®les S1 and

S2 and the corresponding Nu=Sh ratio is plotted for S1

and S2 in Figs. 2 and 3. One observes that the Nu=Sh
ratio varies with the location on the surface which is

inconvenient. The corresponding analogy factor for a

plane surface is also calculated and entered in Figs. 2

and 3 as a horizontal line for cases 6/4. The mean value

of the Nu=Sh ratio is obviously also di�erent from Fref .

(3) It will now be explored how a di�erence in the

shape of the blade model in¯uences the analogy factor.

Speci®cally, the heat transfer experiments will be as-

sumed to be performed on a plane wall (at Us� const)

with the intention of determining the Nusselt numbers at

the blade pro®les S1 and S2.

The resulting F � Nu=Sh values are presented in

Fig. 4 together with the reference value 0.677. The fact

that the model shape was varied in the analogy process

has again the undesirable e�ect that the analogy factor

varies along the model surface although to a smaller

degree than a variation in the thermal boundary con-

dition.

In summarizing the paragraphs (1)±(3), it can be

stated that all pertinent boundary conditions should be

set identical for the heat and mass transfer processes to

be compared in an analogy when they are laminar

boundary layers of gas turbine pro®les.

This provides the advantage that Eq. (7) (or the

constant 0.677 for the ratio Nu=Sh) can be used with

excellent approximation for the analogy factor, Nu=Sh,

for blade pro®les with constant wall surface tempera-

ture. It also results in the analogy factor which is inde-

pendent of x.

Fig. 3. Analogy factors, Nu=Sh, for the S2 pro®le and the

``plane wall'' cases (Table 1) for laminar boundary layer,

Rec� 540,000 and P/C� 0.75 (x=C � 1:38 at the trailing edge),

compared to the reference value, Fref � 0.677, by Eq. (21).

Fig. 4. Analogy factors, Nu=Sh, of the case 2/4 for both S1 and

S2 pro®les (Table 1) for laminar boundary layer, compared to

the reference value, Fref � 0.677 by Eq. (21).

Fig. 2. Analogy factor Nu=Sh for the S1 pro®le and the ``plane

wall'' cases (Table 1) for laminar boundary layer, Rec� 171,000

and P/C� 0.77 (x=C � 1:25 at the trailing edge), compared to

the reference value, Fref � 0.677, by Eq. (21).
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The summarizing statements above are as special

cases in agreement with the relations (a)±(c) presented

in the introduction and point out the importance of

specifying all boundary conditions.

Of importance to gas turbine applications is the e�ect

of elevated turbulence level. A systematic study of the

in¯uence of upstream turbulence on heat transfer to gas

turbine blade pro®les is due to Wang [7]. He used the S2

pro®le for his study and measured Sherwood numbers

using the naphthalene sublimation method at Reynolds

numbers between 2.41 ´ 105 and 7.51 ´ 105. He calculated

Nusselt number pro®les for two-dimensional, laminar

boundary layers on a uniform temperature S2 blade and

found good agreement between measured Sherwood

numbers and calculated Nusselt numbers up to transi-

tion to turbulent ¯ow when the upstream turbulence

intensity was low (0.2%). With increasing upstream

turbulence, the pre-transitional Sherwood number in-

creased in such a way that the Sh�x=C� pro®le shape

remained essentially unchanged. This suggested that the

boundary layer maintained its laminar character, for no

abrupt changes indicating transition were observed.

3. Turbulent boundary layers

The basic heat/mass transfer analogy, Eq. (2), is de-

rived for turbulent ¯ow from the unsteady, three-di-

mensional Navier±Stokes, energy and mass

concentration equations for a constant-property ¯uid in

the same way as was done for the laminar boundary

layers.

The equations contain, in addition to the large scale

velocities, u, v and w, small scale, high frequency velocity

¯uctuations describing turbulence. Their solutions

would describe the velocity ®eld in all its details in-

cluding the turbulent ¯uctuations as a function of time.

This is not yet possible today, but the equations are used

to derive the basic heat/mass transfer analogy, Eq. (2)

and the operator (4).

In engineering, we are primarily interested in time-

averaged, steady relations for ¯ow, heat and mass

transfer parameters. Osborne Reynolds [10±12] obtained

equations from which these parameters can be derived

by averaging the Navier±Stokes equations over a time

period which make the turbulent ¯uctuations disappear.

The continuity and momentum equations for a tur-

bulent, steady, two-dimensional boundary layer of a

constant property ¯uid assume, in this way, the form:

o�u
ox
� o�v

oy
� 0; �22�

q �u
o�u
ox

 
� �v

o�u
oy

!
� ÿ o�p

ox
� q

o
oy

eM�
"

� m� o�u
oy

#
; �23�

in which the velocity components, �u and �v, describe the

macroscopic (large scale) velocities which, for steady

¯ow, are independent of time whereas the turbulent

¯uctuations appear as shear stress, qeMo�u=oy, where eM

is called turbulent di�usivity of momentum. Similar

terms appear in the heat and mass transfer equations.

Nusselt, Sherwood numbers and analogy factors, Nu=Sh,

can be obtained in this way when empirically obtained

di�usivities are introduced into the boundary layer Eqs.

(22) and (23).

Much e�ort has been spent in developing methods

and equations by which the e�ects of turbulence struc-

ture on these di�usivities can be described for certain

types of ¯ow (boundary layers, free shear layers, jets). It

has to be expected that these types serve as parameters

(similar to boundary conditions for laminar ¯ow).

Nusselt and Sherwood numbers can thus be obtained by

solving the turbulent boundary layer equations with the

macroscopic boundary conditions ± the same as for

laminar ¯ow ± and the turbulent parameters.

This procedure is not used in the present paper; in-

stead, the analogy factor will be based on measured

Nusselt and Sherwood numbers.

Developed turbulence. An equation for the analogy

factor for the standard ¯ow with a steady uniform

velocity, Us� const, over a plane surface generating a

turbulent two-dimensional boundary layer, starting at

x=C � 0, will be developed. The thermal boundary

condition Tw� const is prescribed. Many experimental

and analytical studies of heat transfer have resulted in

correlation equations. One of them listed by Eckert and

Drake [4] describes the Stanton number, St, as a func-

tion of Re and Pr numbers.

St � 0:0296Reÿ1=6
x

1� 1:48Reÿ1=10
x Prÿ1=6 Pr ÿ 1� �

: �24�

The Stanton number is related to the Nusselt number,

Nux, by the relation

St � Nux

RexPr
: �25�

An equation for an equivalent mass transfer problem

is obtained from Eq. (4), according to the heat/mass

transfer analogy by replacing Pr by Sc. Combining this

and Eq. (25) results in the analogy factor

Nu
Sh
� Pr

Sc
� 1� 1:48Reÿ1=10

x Scÿ1=6 Scÿ 1� �
1� 1:48Reÿ1=10

x Prÿ1=6�Pr ÿ 1�
: �26�

The length, x, does not appear in the ratio, Nu=Sh.

According to Goldstein and Cho [13], this leads, for a

system consisting of naphthalene and air, to the fol-

lowing relation

Nu
Sh
� 0:5 at Rex � 106 �27�
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with Nu=Sh larger by about 10% at Rex� 105 and smaller

by about 10% at Rex� 107.

Eq. (27) is obtained by setting Pr � 0:707 and

Sc � 2:28. The Stanton number in Eq. (24) is indepen-

dent of chord length, C, and the analogy factor is,

therefore, independent of x=C, according to the relation

(c) in the introduction. It, therefore, is restricted to these

two ¯uids and to near room temperatures. It is fre-

quently used for turbulent boundary layers on gas tur-

bine pro®les with the justi®cation that turbulent mixing

diminishes the e�ects of velocity gradients along the

blade surfaces.

The critical Reynolds number for transition to tur-

bulence is of order 105 and no smaller values of Rex need

to be considered in Eq. (26).

H�aring and Weigand [14] developed, by analysis for

the turbulent boundary layer on a plane wall, an equa-

tion which describes the analogy factor. For small Mach

numbers, it reduces to

Nu
Sh
� Pr

Sc

� �0:6526

�28�

with Pr=Sc � 0:707=2:28, this relation results in

Nu
Sh
� 0:466: �29�

Heat transfer coe�cients obtained with the equations

derived by H�aring and Weigand [14] were, for instance,

compared by H�aring et al. [15] and Ho�s et al. [16] with

experimental results obtained in turbine blade cascades.

The data agreed moderately well.

A new boundary condition has to be introduced

when transition to turbulence occurs at a value x=C > 0.

A transitional Reynolds number, Retr, characterizes this

and xtr/C establishes the location for the start of a tur-

bulent boundary layer. The analogy factor is constant

for the laminar boundary layer with a value 0.677 for

Pr � 0:707 and Sc � 2:28 up to Retr and with a value 0.5

downstream of transition. In reality, the transition point

is replaced by a transition range in which Nu=Sh changes

from 0.677 to 0.5.

Developing turbulence. Eqs. (26)±(29) are based on

the assumption that convective heat or mass transfer is

dominating in fully developed turbulence. There are also

regions on turbine blades where conduction or di�usion

cannot be neglected. Detailed and accurate information

on local Nusselt numbers is required. Those are, how-

ever, di�cult to obtain, especially in three-dimensional

boundary layers. Therefore, another method is proposed

which is based on Eq. (10).

Local Sherwood numbers are measured in an exper-

iment in which naphthalene vapor is transferred by di�u-

sion and convection into an air stream. Average Sherwood

numbers are also measured by weighing or by integration

of the local results. Average Nusselt numbers, much easier

to measure than local ones, are measured on a blade model

with high conductivity producing a constant wall tem-

perature in a separate experiment and Eq. (10) is used to

obtain the desired local Nusselt numbers.

There is also experimental evidence of the validity of

this equation for various types of ¯ow.

Goldstein and Cho [13] presented, in their Figs. 13±

15, Nusselt and Sherwood numbers along the surfaces of

round, square, and rectangular cylinders in cross-¯ow. It

can be observed that, in these ®gures, Nu is nearly

proportional to Sh, which means that the mean analogy

factor, �F , averaged over the surface, is nearly equal to

the local factor, F.

4. Three-dimensional boundary layers

The boundary layers discussed up to this point are

two-dimensional. There are, in the literature, two papers

with data that make it possible to test analogy factors

for application to three-dimensional turbulent boundary

layers, as they occur in the near-endwall region of gas

turbine blades.

The heat transfer experiments (e.g., Chung and Si-

mon [17] and Chung [18]) used the liquid crystal tech-

nique (a uniform heat ¯ux boundary condition) and the

mass transfer experiment (e.g., Chen [5] and Chen and

Goldstein [6]) applied the naphthalene sublimation

technique (equivalent to a uniform wall temperature

boundary condition). The experiments produced ®elds

of Stanton numbers and mass-transfer Stanton numbers

on the S1 blade shape.

Table 2 summarizes relevant parameters of the ex-

periments. It lists the approach velocity, Uin, turbulent

intensity, TI, Reynolds number at the entrance to the

cascade, Rein, as well as Reynolds number at the exit,

Reex, the pitch-to-chord-length ratio, P=C, and the ratio

of wall boundary layer thickness to the chord length at

the cascade entrance, d1/C, among other parameters.

One important di�erence between the heat and mass

transfer cases is in the boundary conditions; the heat

Table 2

Comparison of the experiments

Mass transfer

[5,6]

Heat transfer

[18,17]

Uin (m/s) 10.45 20

TI (%) 1.31 0.6

Rein 104,000 293,000

Reex 171,000 482,000

Pro®le S1 S1

BCa Tw� const qw� const

P/C 0.77 0.77

d1/C 0.013 0.013

a BC: boundary condition.
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transfer experiment is of a uniform heat ¯ux and the

mass transfer experiment is of a uniform ®lm mass

concentration at the surface (saturation at the uniform

temperature of the surface). This di�erence in thermal

boundary condition was shown in Section 2 to have an

e�ect on the laminar region but is generally assumed to

have only a minor e�ect on the turbulent ¯ow region.

This will also be assumed in our evaluation of their re-

sults.

Mass transfer experiment. The data from Chen and

Goldstein [6] are recorded as mass transfer Stanton

numbers. The study presents data with two di�erent

sizes of displacement thickness in the boundary layer of

the approaching ¯ow. For the present study, the case in

which the displacement thickness, d1, used was 1.3% of

the chord length (2.13 mm). The uncertainty in mass

transfer Stanton number of their naphthalene exper-

iments is reported to be 5%. These data, converted to

Sherwood number, are plotted in Fig. 5 for the suction

surface of the S1 blade pro®le.

The abscissa x=C of the ®gure extends from the

stagnation line (x=C � 0) in downstream direction,

measured along the blade surface. The ordinate z=C
extends from the corner between the endwall and the

blade surface (x=C � 0) to a distance z=C � 0:75 from

the endwall measured along the blade wall. Fig. 5,

therefore, covers a part of the wall where the boundary

layer is in¯uenced by the passage vortex systems (the

essentially triangular part limited by a line extending

from x=C � 0, z=C � 0 to approximately x=C � 1:35,

z=C � 0:4) and the rest of the wall where the boundary

layer is essentially not a�ected by the endwall and can be

considered as two-dimensional. This part of the

boundary layer starts changing to turbulent ¯ow ap-

proximately at a distance x=C � 1. A boundary layer of

laminar character starts at the leading edge of the blade

to the left and ®lls the central part changing to turbu-

lence at the transition region characterized by the lines

of constant Stm number. The boundary of this region

moves left with decreasing z=C about halfway down the

®gure under the in¯uence of the passage vortex.

The description above is believed to cover the main

features of the boundary layer ¯ow. There are certainly

minor details which are omitted.

Heat transfer experiment. Chung [18] presents the

photograph of a liquid crystal sheet that had been glued

to the suction surface of a S1 blade model and exposed

to the air¯ow through a cascade of the same blades. The

photograph was digitized by the present authors using a

scanner. As noted by Camci et al. [19], a wide range of

hue has a linear relationship with temperature. Thus, a

linear relation was used to determine surface tempera-

ture distribution. The scanned photograph was ®rst

recognized as an RGB image (consisting of Red, Green

and Blue). This was then converted to an HSV image

(Hue, Saturation and Value), using the commercially

available MATLAB program. Since the temperatures at

the colors of yellow and green were known from the

calibration and since the wall heat ¯ux was known, the

entire region of the photograph could be converted into

a ®eld of Nusselt numbers. The original size of 334 ´ 353

pixels scanned at 100 pixels/inch was scaled down to

83 ´ 88, as noise was reduced. Fig. 6 presents the result.

Temperatures resulting in contours of 0.004 or more

were at the edge of the liquid crystal color transition.

Their accuracies are therefore questionable.

The Nu values of the heat transfer experiment were

divided by the Sh number values (converted from Stm

values) of the mass transfer experiment to get the Nu=Sh
values plotted in Fig. 7. Prior to the division which re-

sulted in Nu=Sh of Fig. 7, the Nu ®eld was shifted slightly

with respect to the Sh ®eld, obtained from Fig. 5, so that

the triangular regions created by the vortex matched.

This a�ects only the data on that line of very steep

gradient (a line from 0.27, 0.8±0.5, 1.33 in Fig. 7). It is

Fig. 5. Mass transfer Stanton number distribution from the

mass transfer experiment on the S1 airfoil pro®le, the dashed

line indicates the rectangular ®elds of Figs. 6 and 7 [5, 6].

Fig. 6. Stanton number distribution calculated from the liquid

crystal photograph taken on the S1 airfoil pro®le [18].
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not known why the triangular regions do not match

precisely but it is not surprising that they shifted slightly

from one test setup to the other. The near-endwall re-

gion data are expected to depend on the approach ¯ow

boundary layer thickness, free-stream turbulence inten-

sity and, undoubtedly, other factors. The axes shown in

the Figs. 6 and 7 correspond to those of the mass

transfer experiment.

The very ®rst point to notice in Fig. 7 is that the

ratios vary over a range, from below 0.4 to about 1.0.

The larger values are in a ¯ow that appears to be tran-

sitional. The ratio 0.40±0.50 in the center ®eld at right

are where the turbulent boundary layers are expected.

The following di�culty is encountered in interpreta-

tion and evaluation of the data in Figs. 5±7. It is the

intent of this study to obtain time-averaged information

for macroscopically steady, turbulent ¯ow. Clearly,

some of the contour lines in these ®gures are not the

ones we expect for steady state and for a con®guration

of straight blades normal to a plane endwall, contour

lines, as they would, for instance, be produced by a

solution of the time-averaged Navier±Stokes equations

for turbulent ¯ow. Stationary circular formations as

shown in Fig. 7 along the lower rim of the ®eld and its

upper left corner or stationary waves as shown in the

boundary layers with large gradients are suspect.

One can list several reasons which explain these dif-

ferences.

The time interval during which the data were aver-

aged in the two experiments may not be long enough to

create steady data. In the naphthalene study, it is usually

of order 1/2 h. In the liquid crystal study, it is much

shorter, of the order of a second. That this in¯uences the

contour lines is supported by the fact that Fig. 5 re-

sembles more the expected steady contour map than

Fig. 7 which also displays the regions pointed out above.

Other contour maps in [7] or in [20] resemble Fig. 5.

The two studies on which Fig. 7 is based have not

been planned for the purpose to determine analogy

factors. This in¯uenced the accuracy with which we

could coordinate these and made a slight adjustment

necessary. This in¯uences especially the regions with

larger gradients of the Nu=Sh ®eld indicated by the

crowding of the contour lines.

The di�erence in the thermal boundary conditions of

the two studies is generally assumed to have a negligible

in¯uence in the turbulent region. However, the ¯ow in

the upper left parts of Figs. 5±7 is expected to be par-

tially laminar, where there might be e�ects of di�erent

thermal boundary conditions.

It can be concluded from the observations above that

the values of 0.4 and 0.5 in the central region of Fig. 7

are most reliable. This is an important ®nding, for the

¯ow ®eld there is more complex than those used in the

formulation of Eqs. (27) and (29). We conclude that, for

turbulent, three-dimensional boundary layers as they

occur in the near-endwall region of gas turbine blades,

the time-averaged analogy factors, Nu=Sh, have values in

this range.

The wall in the upper-left of Fig. 7 is cooled by a

laminar boundary layer. As it is laminar, there will be a

thermal boundary e�ect. Also, it is experiencing an ad-

verse pressure gradient. Thus, data in the ®gure have to

be compared with the results of curve 3/1 in Fig. 2 for

x=C > 0:8. The di�erence between the Fig. 7 values (in

the 1.3±1.4 range) and the Fig. 2 values (as high as 1.1)

may be explained by the fact that the calibration curves

with which the Stanton numbers in Fig. 6 were obtained

had to be extrapolated in this region.

Values between 0.5, typical of turbulent ¯ows, and

1.1, computed for laminar ¯ows, appear in the boundary

layer transition zone of Fig. 7. This is consistent with a

smooth transition from laminar to turbulent ¯ow.

5. Conclusions

From this work, the following can be concluded:

The analogy factor, Nu=Sh, for two-dimensional

laminar boundary layers is equal to
������������
Pr=Sc3

p
and is

constant along the front part of the blade wall making

the Nusselt number proportional to the Sherwood

number provided that all boundary conditions match

for the heat and mass transfer processes and the ¯ow

velocities are such as to minimize aerodynamic heating.

This statement is based on relations derived from the

Navier±Stokes and the heat and mass transfer equations

for constant-property ¯uids and our solutions of the

laminar boundary layer equation for wedge-shaped ob-

jects and turbine blade pro®les. It is believed that they

are valid for three-dimensional boundary layers also.

Analysis of laminar boundary layer equations for

situations where either the thermal or the geometric

Fig. 7. Nu=Sh near the corner of the endwall and trailing edge

on the S1 airfoil pro®le.
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boundary conditions are violated resulted in analogy

factors which do not agree with the relation
������������
Pr=Sc3

p
and

which vary locally. We believe that only those analogy

factors should be used that were obtained either by

analyses or by experiments in which all boundary con-

ditions are ful®lled.

A reliable analogy factor was derived by numerous

heat transfer experiments for a wide range of Prandtl

numbers for turbulent ¯ow at constant velocity Us over

a plane surface with constant temperature. It is reported

as Eq. (6). Its accuracy is estimated to be 10%. Goldstein

and Cho [13] approximated it for Pr � 0:707 and

Sc � 2:28 by Nu=Sh � 0:5 at Rec� 106, larger by 10% at

105 and smaller by 10% at 107.

The fact that boundary layers transport information

overwhelmingly in the downstream direction follows

that the analogy factor is constant on regions of the

model surface which have uniform turbulence structure.

This is also in agreement with Fig. 7 of this paper. In the

absence of better information, it is recommended to use

the value 0.5 for the analogy factor when air is the heat

transfer medium and naphthalene the mass transfer

medium at Tw� const and cw� const, respectively, as

wall boundary condition.

Information is lacking for analogy factors for sep-

arated ¯ow regions and for ®lm cooling. Measurements

suggest a smooth transition of analogy factor from

laminar to turbulent ¯ow.
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Appendix A

A special group of laminar boundary layers is called

wedge ¯ows in which the stream velocity, Us, is de-

scribed by the equation

Us � cxm: �A:1�
The exponent, m, can be described by

m � x
Us

dUs

dx
: �A:2�

The Nusselt number for a constant wall temperature,

according to Eckert and Drake [4], is

Nux � f �m�Re1=2
x Pr1=3; �A:3�

where f �m� � 0:322 for a plane wall (m � 0). The values

of f �m� from wedge ¯ow analyses are plotted in Fig. 8.

They were obtained from Figs. 7±10, p. 310, in Eckert

and Drake [4]; they are also conveniently tabulated in

Table 10-2 in Kays and Crawford [21].

Nu
Sh
� f �m� Pr

Sc

� �1=3

: �A:4�

The function, f �m�, is nearly a constant for a speci®c

¯ow process and Eq. (A.4) can be approximated by

F � Nu=Sh � �Pr=Sc�1=3
for a speci®ed ¯ow process.

According to this equation, the local analogy factor is

also equal to the average one, F � �F .

It has been established in Section 2 that there is no

di�erence between local and average analogy factors,

Nu=Sh, for laminar boundary layers. It will now be

shown that this is also the case for turbulent ones.

Eq. (A.3) shows that Nux is for wedge-type ¯ow, with

good approximation, a function of m and, therefore,

according to Eq. (A.1) a function of x=C. Eq. (A.3) can,

therefore, be written as

Nux � Re1=2
c Pr1=3f1�x=C�: �A:5�

In analogy, we write for a turbulent boundary layer

Nux � Rem
c Prnf2�x=C�: �A:6�

The average Nusselt number is

Nu � C
x2 ÿ x1

Rem
c Prn

Z x2=C

x1=C
f2�x=C�: �A:7�

Using the analogy operator in Eq. (4) of the introduc-

tion, Eqs. (A.6) and (A.7) express also the local and

average Sherwood numbers when Nux is replaced by Shx

and Nu by Sh and for the analogy factors, one obtains

the equation

Fig. 8. Variations of f �m� in Eq. (A.4) from the wedge ¯ow

solutions.
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Nux

Shx
� Nu

Sh
�A:8�

which is identical with Eq. (10).
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